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Extremal Optimization (EO)

๏Motivated by Self-Organized Criticality
 Emergent Structure

without tuning any Control Parameters
despite (or because of) Large Fluctuations

๏How can we use it to optimize?
 Extremal Driving:

Select and eliminate the “bad”,
Replace it at random,
Eventually, only the “good” is left!
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“Fitness” λ for various Problems:
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

“Fitness” λ for various Problems:

 xi
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

๏Partitioning (eg. MIN-CUT):
 λi = - (#-cut edges of xi)

 xi

“Fitness” λ for various Problems:

 xi
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

๏Coloring (eg. Potts Anti-ferro):
λi = - (#-monochrome edges of xi)

 xi

๏Partitioning (eg. MIN-CUT):
 λi = - (#-cut edges of xi)

 xi

“Fitness” λ for various Problems:

 xi
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

            Cost ∝ H = -∑i λi

๏Coloring (eg. Potts Anti-ferro):
λi = - (#-monochrome edges of xi)

 xi

๏Partitioning (eg. MIN-CUT):
 λi = - (#-cut edges of xi)

 xi

“Fitness” λ for various Problems:

 xi
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>> “Extremal Optimization” (EO):  <<
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn),
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,
(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(5) Update  xw  unconditionally,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(6) For tmax times, Repeat at (2),
(5) Update  xw  unconditionally,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(6) For tmax times, Repeat at (2),
(5) Update  xw  unconditionally,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(7) Return: Best C(S) found along the way!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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 EO-run for Partitioning (n=500):
Typical Extremal Optimization Run:
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 EO-run for Partitioning (n=500):
Typical Extremal Optimization Run:
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Cost-

Fluctuations
in ∆t
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 EO-run for Partitioning (n=500):
Typical Extremal Optimization Run:

random
start

Range of
Cost-

Fluctuations
in ∆t

∆t
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Typical Extremal Optimization Run:
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 EO-run for Partitioning (n=500):
Typical Extremal Optimization Run:
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 τ

τ-EO  -  Searching at the “Ergodic Edge”:
For Ranks  λ∏(1) ≤ ... ≤ λ∏(n), update i=∏(k)  with

 P(k) ∝ k-τ

 greedy + frozen, 
non-ergodic

τ→∞
 random walk, 

too ergodic

τ0← “ergodic edge” 

−1 ∼ 1
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Animation of τ-EO for Graph-Partitioning   

http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/Research/EO_demo/EO_GBPapplet.htm
http://www.physics.emory.edu/faculty/boettcher/Research/EO_demo/EO_GBPapplet.htm


 Dynamics of τ-EO: (for ±J-Spin Glass on 3-reg. Graph, N=256)  

Stefan
Boettcher
www.physics.emory.edu/faculty/boettcher/

First-return time distribution R(∆t):

Physics of
Algorithms

 8-31-09

Extremal Optimization: Dynamics and Results

http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/


R (∆t) ∼ ∆t
1
τ−2

 Dynamics of τ-EO: 

Derivation of First-return time distribution R(∆t):
 Have: Total number of updates T
 Then, number of updates at rank k is:

 Typical lifetime of variable with rank k is:

 With R(∆t)d(∆t) = P(k)dk:

 With P(k)~k-τ  :

n(k) = T P (k)

∆t(k) ∼ T

n(k)
=

1
P (k)

R (∆t) = P (k)
dk

d∆t
∼ −P (k)3

P ′(k)
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       τ − 1 ∼ 1/ ln(n)

 “ergodic edge” 

http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/


Stefan
Boettcher
www.physics.emory.edu/faculty/boettcher/

Physics of 
Algorithms

8-10-09

Extremal Optimization: Dynamics and Results

1.2 1.4 1.6 1.8 2 2.2 2.4

Degree !=pN

0

0.05

0.1

0.15

0.2

<
C

u
ts

>
/N

N=1000-EO
N=1000-Treecut
N=2000-EO
N=2000-Treecut

Random Graph Bi-Partitioning

 Results for τ-EO:  
๏ For Graph Bi-Partitioning:
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See Percus’ Talk!
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 τ-EO for Sherrington-Kirkpatrick 
  Mean-Field (d→∞) Spin Glasses:
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  τ-EO for Bethe Lattices: 
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 EO for (k+1)-connected Bethe Lattice Glasses for (k+1)→∞:

  τ-EO for Bethe Lattices: 

 k=1, exact
 Energies 

  SK-limit⇒
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  τ-EO for Bethe Lattices: 
 EO for 3-connected Bethe Lattice Glass:
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 τ-EO for Sherrington-Kirkpatrick 
  Mean-Field (d→∞) Spin Glasses:
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 Lattice Spin Glasses (at T=0): 
Defect-Energy:
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Measure Defect Energy ∆E=E0-E'0

  ⇨ Low Energy Excitations (like “small oscillations”)

  ⇒   σ(∆E)~Ly  
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√
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From Numerics: 
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Data from:
MC (Ballesteros et al) for d=3,4
High-T Series (Klein et al) for d≥5

Tg ≈
√

2 (d− 2.491)
(
1 + 1.2/d− 2.4/d2
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  yRSB = d(1-ρ) 

ρ=¾ 

ρ=⅚  
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Conclusions:
๏Extremal Optimization:

 Selection against extremely Bad ⇒ Greedy!
 No Rejection  ⇒ Large Fluctuations ⇒ No Trapping!
 Single, fixed Parameter (τ)  ⇒ Simple!
τ-EO: Optimizing at the Ergodic Edge.
 Problems: Definition of Fitness and Sorting Ranks.
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Extremal Optimization: Dynamics and Results

Conclusions:
๏Extremal Optimization:

 Selection against extremely Bad ⇒ Greedy!
 No Rejection  ⇒ Large Fluctuations ⇒ No Trapping!
 Single, fixed Parameter (τ)  ⇒ Simple!
τ-EO: Optimizing at the Ergodic Edge.
 Problems: Definition of Fitness and Sorting Ranks.

๏Results:
 Works well for Partitioning, Coloring, Spin Glasses, 

Satisfiability, Pattern Recognition (at least!).
 Works poorly for TSP, Polymer Folding, ie. strongly 

connected problems!
 Theory: “Jamming” Model, predicting  τopt → 1+ ,   

always remains super-cooled, not frozen!
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